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Abstract 
The control of a dexterous manipulator mounted on a 
flexible structure is discussed. Using a concept called 
Reaction Null Space, the manipulator dynamics is to- 
tally decoupled from the base dynamics. As a conse- 
quence of the decoupling, feedback control gains can 
be determined in a straightforward manner. We exam- 
ine the simultaneous performance of the following two 
tasks: (1) base vibration suppression and (2) end-point 
path tracking without base disturbance. 
1 Introduction 
The interest toward complex robot systems is expand- 
ing for new application areas. A class of such robot 
systems are so-called underactuated systems, charac- 
terized by the number of control actuators being less 
than the number of state variables. Typical exam- 
ples are free-flying space manipulators, serial robots 
with passive joints, flexible-link manipulators, multi- 
arm manipulation systems with loose grasp contacts, 
space vehicles with fuel sloshing models [l]. 
Another example of an underactuated system, which 
will be discussed in this paper, is a dexterous manipu- 
lator mounted on a flexible base. We shall refer to  such 
a system as flexible structure mounted manipulator sys- 
tem (FSMS). We assume that the flexible base can be 
regarded as a passive structure. The motivation behind 
that is that even if the base represents another manip- 
ulator (i.e. an “active” base), it will be used just for 
relocation of the dexterous manipulator. Once located 
at the work site, the dexterous manipulator only is con- 
trolled. This approach has been suggested by Book and 
Lee [Z]. They proposed a controller that Stabilizes the 
fast (base vibration control) and t+he slow (manipula- 
tor control) submodels. Torres and Dubowsky [3]; [4], 
proposed several concepts for path planning and con- 
trol of a FSMS. Both groups pointed out the possibil- 
ity for utilizing kinematic redundancy%for base motion 
control. A more detailed treatment of the latter topic 
has been done by Hanson and Tolson [5] .  Control in- 
puts from the manipulator Jacobian null space have 
been applied, as in conventional redundancy resolution 
techniques. This approach yields, however, kinematic 
instabilities due to conflicts between the manipulator 
motion subtask and the base motion subtask. 
In this paper we propose a control decomposition 
scheme based on the null space of the so-called iner- 
tia coupling matrix. We call the new framework “Re- 
action Null Space.” The reaction null-space concept 
has its roots in our earlier work on free-floating space 
robots, where the Fixed- At titude-Restricted (FAR) Ja- 
cobian has been proposed as a means to plan [S] and 
control [7] manipulator motion that does not disturb 
the attitude of the free-floating base. Application of 
the reaction null space with relation to impact dynam- 
ics can be found in [8]. In a recent study [9] we empha- 
sized the fact that the reaction null space concept is 
general, and can be applied to a broad class of moving 
base robots. The main advantage of this approach is 
total decoupling of the interaction dynamics. 
2 Dynamics Model 
We consider a dexterous rigid n-link manipulator at- 
tached to an elastic base. The system dynamics of the 
FSMS is represented in the following form [2], [4]: 
where xb E !J?m denotes the positional and orienta- 
tional deflection of the base with respect to the inertial 
frame’, 4 E !Rn stands for the manipulator general- 
ized coordinates, Hb,Db, Kb E Rmxm denote iner- 
tia, damping and stiffness matrices of the base, respec- 
tively, H m  E Rnxn is. the manipulator inertia matrix, 
‘Generally, m = 6. 
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Hbm E RmXn denotes an inertia matrix for manip- 
ulator/base coupling which will be referred to as the 
inertia coupling matrix, Cb and cm denote velocity- 
dependent terms, and T E !Rn are the joint torques. 
As it is seen, no external forces are present, and this 
assumption holds throughout the paper. Both zero and 
nonzero initial conditions will be examined, however. 
We shall give some details for the derivation of the sys- 
tem dynamics. First, we note that the base dynamics 
is 
where F = ( fT tT ) T  is the disturbance reaction 
force/torque induced from the manipulator motion. 
The reaction dynamics, defined with respect to  the base 
coordinate frame, is: 
mrcm 
F = ( g[mrcm x +cm + 5 ( I j w j  + mjr, x +j>l 
j=1 
where r,, denotes the manipulator center of mass po- 
sition, I j ,  w j ,  mj, rj stand for the inertia matrix, 
angular velocity, mass and center-of-mass position for 
link j ,  respectively, and m = Cmj. The expression 
H b X b  + D b X b  -t KbZb = -F, (2) 
) 
(3) 
n 
C ( I j w j  + mjrj x +j) denotes angular momentum 
j=1 
and imposes a nonholonomic constraint. On the other 
hand, the upper part of Equation (3) denoting the reac- 
tion force, represents a holonomic constraint. In terms 
of manipulator generalized coordinates, Equation (3) 
can be rewritten as 
= Hbm$ + f i b m c $ .  (4) 
Equation (4) can be integrated. 
Definition I: The integral of the reaction dynamics 
(Equation (4)), denoted as 
c = Hbm$ ( 5 )  
is called the coupling momentum of a FSMS. 
It must be emphasized that the coupling momentum 
thus defined is different from the generalized system 
momentum: 
3 Reaction Null-Space and Reactionless 
Motion of FSMS 
In this section we shall introduce a special case of ma- 
nipulator motion that conserves the coupling momen- 
tum. In this case, C =const. 
Proposition I :  (Zero reaction) The manipulator does 
not induce any reactions to the base if and only if the 
coupling momentum is conserved (C =const e F = 
The proof follows from the direct examination of Equa- 
tions (4) and ( 5 ) .  
Let us assume that n > m holds, which denotes a kine- 
matic redundancy condition with respect to the base 
motion task [SI. 
Proposition 2: At a manipulator configuration 4 such 
that rank Hbm(4) =max rank Hbm(qb), zero re- + 
action/coupling momentum conservation is achieved 
with: 
0). 
1. the joint acceleration 
6, = -H:mfibm$ + ( E  - Hb+,Hbm)C (7) 
where HCm E Rnxm denotes the Moore-Penrose 
generalized inverse of the inertia coupling matrix, 
E E RnXn stands for the unit matrix, qb and C E 
!Rn are arbitrary; 
2. the joint velocity 
4, = H t , E  + ( E  - H:mHbm)C (8) 
where C denotes again an arbitrary vector, and 
E =const. 
Proof: Substituting &c and c$, into Equations (4) and 
( 5 ) ,  respectively, and taking into account that under 
the above rank condition Hb,H,+, = E ,  one obtains 
.F = o and .C = 2, respectively. CI 
The condition for maximum rank of the inertia cou- 
pling matrix is in fact a controllability condition, as 
discussed by Spong with regard to passive-joint manip- 
ulators [ll]. Spong coined the term “strong inertially 
coupled system” to  address this condition. 
The expression P R N ~  E ( E  - HtmHbm) which ap- 
pears in both Equations (7) and (8),  stands for the 
projector onto the null space of the inertia coupling 
matrix. 
Definition 2: The null space of the inertia coupling ma- 
trix is called the reaction null-space of a FSMS. 
From Equation (8) it is apparent that the joint velocity 
comprises two components: one from the reaction null 
space, and the other from its orthogonal complement. 
The reaction null-space component does not contribute 
to the coupling momentum, and hence, it would yield 
zero reaction. 
Corollary: With zero initial coupling momentum, zero 
reaction is obtained with the velocity 
i R N s  PRNSC.  (9) 
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We are interested in the component +RNS especially 
from the standpoint of integrability. At each manipu- 
lator configuration + the columns of the null space pro- 
jector PRNS(+)  induce a smooth co-distribution [12] in 
joint space, which, for a strong inertially coupled sys- 
tem, is nonsingular. According to Frobenius' theorem, 
a distribution is completely integrable, if and only if 
it is involutive. Involutivity can be examined via Lie 
brackets on the columns of PRNS.  If such involutivity 
can be established, then the reaction null space com- 
ponent of the joint velocity will be integrable. 
Definit ion 3: The integral of Equation (9), if it exists, 
is called the  set  of reactionless paths of a FSMS. 
The reactionless paths guarantee total decoupling be- 
tween the base dynamics and the manipulator dynam- 
ics. We note that these paths differ from the minimum- 
disturbance paths of the Coupling Map [3]. The main 
advantage of the reactionless paths is that they can 
be generated on-line, without using a graphical tool. 
Unfortunately, integrability cannot be always guaran- 
teed. The only case when integrability is guaranteed, is 
that of a one-dimensional distribution ( i e . ,  n-m = 1). 
Nevertheless, in some important practical cases the sys- 
tem can be recast to fit into this category. 
4 Existence of the Reaction Null-space 
A necessary condition for the existence of the reaction 
null-space is the availability of any of the following fea- 
tures: 
0 kinematic redundancy; 
dynamic redundancy; 
0 selective reaction null-space; 
0 singularity of the inertia coupling matrix. 
We utilized kinematic redundancy when deriving the 
solution in the previous section. As an example we 
point out the Space Station RMS/SPDM system [13]. 
The concept of dynamzc redundancy has been intro- 
duced by Arai et a1 [14]. We applied the concept t o  
the general problem of moving base robotics and re- 
action management control [9] in assuming that spe- 
cial devices, called reaction compensators, are present. 
These devices are used just t o  control the reaction on 
the base, similarly to the usage of reaction wheels for 
satellite attitude control. 
There are some applications when the stiffness of 
the elastic base along the generalized coordinates can 
be sufficiently characterized as high-stiffness and low- 
stiffness. Reactions along the high-stiffness directions 
do not disturb the base at all. In this case we in- 
troduce the selective reaction null space. Denote by 
S =diag(sl, sp, ..., SE) a selection matrix, where s, = 1 
specifies a Cartesian-space low-stiffness direction, re- 
quiring zero base reaction, while si = 0 otherwise. 
Then, we denote the selective reaction null space as 
N(SHb,). Obviously, dimN(SHb,) 2 dimN ( H b m ) .  
Generally, a reaction null space of higher dimension is 
desirable, since it yields more DOF when planning the 
reactionless motion. 
Finally, the reaction null space will also exist when the 
inertia coupling matrix H b m  is singular. There will 
be, however, singular directions in which no coupling 
would be possible a t  all. Further analysis is needed, 
which goes beyond the scope of the present work. 
5 Energy Exchange between the Base and the 
Manipulator 
We have seen that the reaction null space projector 
guarantees total inertial decoupling between the base 
and the manipulator. A reasonable question to ask is: 
which is the most efficient inertial coupling manipula- 
tor motion? Efficient coupling is related to  the transfer 
of base strain energy to manipulator kinetic energy or 
vice versa. 
Proposition 3: (E f i c i en t  inertial coupling) The most 
efficient (in a least-squares sense) inertial coupling 
between the base and the manipulator is provided 
through the projector HT,Hb,. 
Proof: Follows from the orthogonality between 
HFmHb, and the null space projector. 0 
The energy exchanged between the manipulator and 
the base at each instant of time is 
dE = dCT$ = FTdxb. 
;i, = H?,(F - Hbm& + P R N S C .  
(10) 
Note that the general solution of Equation (4) is 
(11) 
The only component that contributes to the reaction 
(cf. also Equation (7)) is: 
Since the coupling momentum C is the integral of the 
reaction F, we can write 
d;Pd = H t m d C .  (13) 
The instantaneous change of joint velocity ddd  en- 
sures the most efficient (in a least-squares sense) 
decrease/increase of coupling momentum, which is 
related via Equation (10) to the exchange of en- 
ergy. Note that with strong inertial coupling Htm ,= 
Hrm(HLmHrm)-',  which clearly shows that d+d 
comes from the orthogonal complement of the reaction 
null space. 
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6 Control of FSMS 
In the sequel we shall consider base vibration control 
and end-effector motion control. 
6.1 Base vibration control 
The main concern here is deviation of the base from its 
equilibrium, which results in vibration. Such deviation 
may be caused by the manipulator motion itself, or by 
an external force which was applied to the base in some 
previous time. 
Proposition 4: (Base vibration suppression control) Un- 
der the condition of strong inertial coupling, the control 
law 
where 
7 GfXb f E +  H,n (14) 
Gf = -H,H;,G~, 
E = C, - HmHtmCb, 
Gf denoting a constant feedback gain matrix and 
n E R” is an arbitrary vector from the reaction null 
space, guarantees that system damping is achieved, re- 
sulting in base vibration suppression. 
Proof: From the system dynamics equation (1) we elim- 
inate the joint acceleration: 
7 = & 5 b  f Dkb f Kxb + E f H,n (15) 
where, 
13 = ~ ; f ,  - H,H: ,H~,  
D = -H,H;,D, K = -H,H?,K 
The closed-loop system is given by 
fiXb f D X b  f k X b  f E H,n 
= GfXb -k 2.4- H,n. (16) 
Under the assumption of strong inertial coupling, ma- 
trix H can be shown to  be of full rank m [ l l ] .  Then, 
the closed-loop dynamics becomes 
- +  - + -  
$6 -k H (b - G:f)kb + H K X b  = 0. 
With proper choice of the constant gain Gf system 
damping is achieved, and hence, base vibration will be 
suppressed. 0 
The vibration suppression is done effectively, since the 
control law is based on the pseudoinverse of the inertia 
coupling matrix, and the solution (in terms of joint 
acceleration) is orthogonal to  the reaction null space. 
We note that the vibration suppression control law is 
generally of the same form as that proposed by Book 
and Lee for FSMS [2], and by Uchiyama and Konno for 
a flexible link manipulator’ [16]. The main difference 
is the appearing of the term H,n in Equation (14).  
The role of this term will be highlighted next. 
21n their case, the left pseudoinverse had to be used, however. 
6.2 End-effector motion control 
The control law (14) can be superimposed to a manip- 
ulator joint-space nonlinear control law [2],  [16], pro- 
vided the gains are selected with special care [2]. We 
note that the superposition of just a joint damping term 
would be appropriate. A low-gain joint stiffness term 
can be also included to  obtain a desired final manip- 
ulator configuration. Without superposition, the vi- 
bration suppression will result in nonzero coupling mo- 
mentum conservation, and hence, constant “floating” 
of the manipulator. 
The term H,n in Equation (14) yields yet another 
possibility: that of controlling the end-effector motion. 
In order to  determine the null space vector n we shall 
make use of the general solution (11) .  The arbitrary 
vector < is determined by substituting the joint accel- 
eration into the end-effector kinematics 
se = J $ + J & ,  (17) 
where z, E %’ denotes task coordinates and J ( 4 )  E 
PXn is the end-effector Jacobian. Note that the refer- 
ence frame is a t  the base. After some formula manip- 
ulation, one obtains 
$ = Hb+,(F-Hbm&) 
+ 3+[2, - J& - Jfftm(F - &bm$)](18)  
where 3 ‘gf J P R N ~  is the Jacobian, restricted by 
the reaction null space. It can be shown that J’ E 
N ( H b , ) ,  and hence, the second term on the right hand 
side of the last equation is indeed a reaction null space 
vector. 
Proposition 5: (Reactionless end-effector motion con- 
trol) Let the control law be given by (14) with 
n = J -+  [ ~ , + G , e e + G , ~ , - ~ $ - J H 6 f , ( G f ~ b - ~ ~ , & ) ]  - d  
(19) 
where xf is the desired end-effector path, e, = x t  - x, 
is the path tracking error and G, and Gp denote proper 
gain matrices. Under the condition of strong inertial 
coupling and full rankness of the restricted Jacobian J ,  
as well as when n 2 m + p ,  the base deflection xb 3 0, 
and the end-effector error converges to zero asymptot- 
ically. 
Proof: The base vibration suppression ability is not 
influenced from the additional control (19)  since it is 
taken from the reaction null space. Combining Equa- 
tions ( 2 ) ,  (14), (15) ,  (18) and (19), the closed loop 
system is written as 
0 = f ix( ,  + (b - G f ) & b  + K x b  
-+  .. + HmJ [ee + G,& + Gpee 
4- JHfm(Xb + ( D  - G f ) h  -k Kzb)] (20) 
which shows that also the end-effector error must go to 
zero, asymptotically. 0 
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Figure 1: Model of an FSMS tracking a reactionless path. 
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It is seen that the control law (14) in combination with 
the reaction null space component (19) is capable of 
controlling reactionless end-effector motion and sup- 
pressing base disturbances in the same time, without 
imposing any restrictions on the type of manipulator, 
or without the need of graphical path planning tools. 
7 An Example 
We shall illustrate our approach with a planar 3R ma- 
nipulator mounted on a base translating horizontally, 
which is attached to the inertial frame through a lin- 
ear spring and a damper. Zero gravity environment is 
assumed. Figure 1 shows the system, tracking with its 
end-point a path without inducing any disturbances to  
the base. Since the reaction null space is 2-dimensional, 
it is possible to  track any path in task space which 
complies with the condition of strong inertial coupling 
and non-singularity of matrix J .  Because of the to- 
tal decoupling property of the reaction null space, the 
selection of the feedback gains is not critical: for ex- 
ample, for the end-point control high gains are used 
(G, =diag{200}, G, =diag{100}). The gain for base 
vibration suppression control is G f  =lo. 
First, base vibration suppression is demonstrated. We 
assume that base vibration is excited due t o  some ex- 
ternal force at  t = 1 s (see Figure 2). The base vi- 
brates, with decreasing amplitude because of the nat- 
ural damping. At t = 3 s the vibration control is ac- 
tivated. We have included a joint damping term into 
the control law for vibration suppression, which guar- 
antees that joint velocity decreases to  zero. As already 
mentioned, if joint damping would be not present, the 
manipulator would be loaded with a nonzero coupling 
momentum which is conserved, and which would result 
in constant drift of the manipulator. 
Next, end-effector control is demonstrated. There is no 
initial deflection of the base. The path is similar to that 
depicted in Figure 1, and was planned through a fifth 
order spline. Other planning can be also used; there is 
no requirement for zero boundary conditions. Figure 3 
shows the results. The path is tracked perfectly, with 
zero base disturbance. 
Figure 2: Base vibration control. 
8 Discussion and Conclusion 
The reaction null space control approach proposed here 
ensures total decoupling of the dynamics of two in- 
teracting mechanical systems. This approach is espe- 
cially useful, but not only limited to  so-called under- 
actuated systems. We focused on an application to a 
flexible structure mounted manipulator system. The 
approach could be very useful for teleoperation of the 
manipulator, when the desired path is not known in 
advance, or no off-line path planning techniques such 
as non-holonomic path planning are applicable. Also, 
in case of emergency, the reactionless paths obtained 
through the reaction null space provide a fast escap- 
ing route, without exciting undesirable base vibration. 
We pointed out several possibilities for the existence of 
the reaction null space. In future it would be appro- 
priate to discuss any combination of these possibilities. 
For systems with abundant DOF such as the SPDM, 
there is the possibility to use some of the DOF under 
kinematic redundancy, and some of them under dy- 
namic redundancy. In this combination one could also 
include the selective reaction null space, provided the 
configuration of the elastic base (i.e. SSRMS) is such 
that high/low stiffness directions can be distinguished. 
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Figure 3: End-point path tracking. 
The theory presented in this paper has been meanwhile 
experimentally validated [lo]. 
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